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Coherent synchrotron radiation transient effects in the energy-dependent region
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Coherent synchrotron radiatid@SR) is a well known phenomenon that originates from coherent superpo-
sition of electromagnetic waves by ultrarelativistic electrons. CSR longitudinal effects during the passage of a
Gaussian beam from a straight to a circular path have often been studied in a regime in which they are energy
independent. Nevertheless, the approximations used in such a regime may fail in several practical situations, as
in the case of low-energy injectors or for small-wavelength structures within the bunch distribution in CSR-
related instability problems. These situations demand a deeper investigation of longitudinal transient effects in
the region where the approximations above are no longer valid: a syraegendence is found, and described
in this paper, in the rate of energy change induced by CSR during the transient of a Gaussian bunch between
a straight and a circular path, which was studied with the help of the authors’ previous work. Results show that
the overall CSR longitudinal effects, in this case, are reduced. One of the outcomes of previous work by Saldin
et al. was extended to this situation and very good agreement between the two studies was found.
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I. INTRODUCTION In this paper a very important result obtained 4] will
be used, namely, an expression for the rate of energy change

In the last few years, electron acceleration technology haef an electron as a function of its position in a rigid bunch
focused more and more on the production of very shortwith a generic distribution functiofand, in particular, a
high-charge bunches of electrons, which are expected to b®aussian distributionat a fixed position(that is, at a fixed
used in x-ray self-amplified spontaneous emission freetime) from the entrance of a hard edge magnet. This result
electron lasers. Similar beams are also being considered fgeneralizes the outcome [#], which deals with the steady
production of femtosecond radiation pulses by simplerstate only, by covering the transient case too. Some of the
schemes based on Cherenkov and transition radidtign articles cited above were based, in particular, on this result in
However, their production and utilization may prove difficult the steady statel2—15 or on both steady state and transient
due to collective radiative effects. cased16,17).

Consider a relativistic electron bunch moving along a cir-  All these investigations deal with ultrarelativistic beams
cular trajectory. In the part of the spectrum where the photorin which the value of the Lorentz factaris always above a
wavelength becomes comparable with the size of the bunclzertain threshold, as the result 4] upon which they are
electromagnetic waves emitted by individual particles havébased is derived in that approximation. Nevertheless, in sev-
small phase differences. As a result, they add up coherentlgral practical situations, like, for example, the case of low-
thus leading to a quadratic dependence of the intensity oénergy injectorgsee, for example[18]), we deal with ul-
radiation on the number of electrons in the bufigh This trarelativistic beams for which the value f in combination
number is typically 18-10'°, which explains the high mag- with the bunch length and the choice of the trajectory, may
nitude of the effect. This will be referred to as the steadybe low enough so that the latter approximation fails. On the
state coherent synchrotron radiation, or C&Re[3] for a  other hand, recent resear¢see[13—15) has shown that
detailed discussignDue to the geometry of the system, and there is reason for concern about beam instabilities induced
in the approximation of a rigid beam, the distance betweery CSR in storage rings as well as in bunch compressors. In
retarded radiators and the present test partidy@sg within ~ fact, CSR has been shown to amplify small sinusoidal per-
the moving bunchis stationary. turbations of the bunch distribution during the evolution of

In contrast to the above case of steady state CSR, in arthe beam: once again, one should make sure that the pertur-
beam optics system, like bending magnets, magnetic chibation wavelengtlin combination with the beam energy and
canes, or others, transient collective phenomena also takhe geometry of the magnetic systesatisfies the approxi-
place, where the signal retardation no longer obeys a statiomnations above before using the results[4] (or, alterna-
ary relation. The problem of a transient between a straightively, for the steady state regime, [i]).
path and a region of constant bending radius has been a These observations demand a deeper investigation of CSR
matter of active theoretical resear¢bee, for example[4]  effects in such situations. In the present paper, and with the
and[5]) in the last few years, this subject being of funda-help of [8], the problem of a Gaussian bunch crossing a
mental importance for a proper understanding of CSR phetransient between a straight path and a region of constant
nomena. Other more general works, both numerical and thésending radius in the low-energy region has been studied.
oretical followed(see, among otherf—17). The results show a strong dependence of the CSR longitudi-

nal force on the Lorentz factor.
Further on, the formula if4] for the rate of energy
*Email address: g.a.geloni@tue.nl change of an electron is extended in such a way that it is
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FIG. 1. Schematic of a particle trajectory in the small-angle

S (20— 2 ){1+[n.— BL(Z) TP
approximation.
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valid independently of the choice of and it is used to treat — yz[ni_BL(ZO)]Z}_[BL(ZO)_BL(Z,)]
the same problem: a comparison between the two studies 5 o
shows very good agreement. X{1+yn =B (2)]D), 3

This work is organized as follows. In Sec. Il a brief re-
view is given of the main results of the small-angle approxi-
mation method proposed (18], and it is applied to a lows
transient case. Then, in Sec. I, an extension of the formul
in [4] to the y-dependent region is presented, and perfect
agreement is shown between such an extension and the pre-
vious results in this article. Finally, Sec. IV is dedicated to n, =
conclusions. (zo—2')

whereB, and B, are, respectively, the dimensionless veloc-
ity and its time derivative at the retarded tirtiein the di-
gection orthogonal ta. Finally, n, is given by

K730 @

The information about the retardation condition is automati-

cally included in the expression far(Az), being
Il. SMALL-ANGLE APPROXIMATION AND ITS

APPLICATION TO ATRANSIENT IN THE LOW- ¥ REGION (zo—2") 2 1 2 2
0 0 0
207=———+ f deBi () - —( f dgﬂl(o) :
An expression for the rate of energy change of a test 4 z (20=2)\ /2 .
particle within a rigid, one-dimension&lD) bunch with ge- ®)
neric density distribution function moving along a generic A computer code has been developed in order to integrate
trajectory was recently presented[B]. The expression was Eq. (1) at different positions of the test particle within the
derived by means of a consistent use of the paraxial approxbunch and at different locations of the bunch within the mag-
mation explained in Fig. 1. As explained|i@], this approxi- net, obtaining, therefore, the instantaneous rate of energy
mation is applicable to a very wide class of trajectories.  change of any particle within the bunch for different values
Referring to[8], and therefore to the geometry in Fig. 1, of .
z, is defined as the presenposition of a test electron arm Consider, as 4], a rigid, 1D bunch with Gaussian par-
as the present position of a source electron; le¥z=z, ticle density distribution\(s) (s being the coordinate inside
—z and always consideAz>0, the contributions to CSR the moving bunch entering a hard edge bending magnet
effects from the casé\z<0 being negligible(see[4,8]).  after coming from an infinitely long straight section. The
Then, always followind 8], the rate of energy change for a bunch standard deviation will be indicated by=50 wm,
test particle can be written as and the total charge will bg=1 nC. In the actual simula-
tion the Gaussian beam will be truncatedtatOs/ o, where
the distribution is understood to be centered/at=0, that
is,

de e?
d(ct) 4mec?

["azicr+rin@aa. @ M(S)=hoe™ 27, ®)

The magnet has hard edges and a curvature raRius

=15 m.
where\ is the bunch density. Heff€€] and[R] stand for the The rates of energy change of an electron as a function of
terms due to the Coulomb and radiative parts of the retardeits position along the Gaussian bunch and at several positions
fields, namely, of the bunch after the beginning of the magnet have been
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FIG. 2. Rate of energy change of an electron in MeV/m as a function of its position along the Gaussias/buectering a hard edge
magnet, as calculated using our approach. Every picture shows results for different vajueBasbmeters arB=1.5 m, =50 um,
g=1 nC.(a) 5 cm after the entrancéb) 14 cm after the entrancég) 18 cm after the entrance; arid) 25 cm after the entrance.

plotted in Fig. 2. These positions cover all the transient pheGaussian bunch entering a hard edge magnet, the following
nomenon, in which there are retarded sources in both thapproximate formula is used [4]:
straight section and the bending magnet. Simulation results
for different values ofy are plotted in every figure. These d& 1 2e’N
values have been chosen large enough to keep the system d(ct) = Arrey 332 m)PRZBR
ultrarelativistic but at the same time small enoughcom-
bination with the bunch length and the radius of curvature of
the magnet, as will be discussed in detalil in Seg.dd that
the usual regime of applicability of the formulali#], which
was referred to in Sec. |, is abandoned. € dgd o,

As one can see by inspection from Fig. 2, the results are + Lp(g_gf)ﬂ?' d?'e ' @
strongly dependent on the beam energy. Whergrows
enough(again, this statement will be specified quantitativelywhere%:S/U, p=R}3240, and ¢ is an angle fixing the
in Sec. ll)), the energy-dependent region is abandoned, a”ﬂosition of the bunch inside the magrisee Fig. 3
curves in Fig. 2 converge to gindependent behavior. Note, It is worth underlining, once again, the importance of Eq.
in particular, that the case in Fig(d already belongs to the (7), which (in its generalized form for any bunch density
steady state regime: therefore it can be said that the study Wstribution function has been used as a basis for several
to now shows energy dependence in both the transient andgr analysis and computatiofeee[12—17).

X| p~Y3(e (e N2 g~ (¢-4p)?12)

the steady state. Equation(7) is completely independent of, as one can
easily realize by inspection. A comparison between the re-
Ill. GENERALIZATION AND COMPARISON sults that one can obtain by direct integration of Ef)

(these results are well known, and presentef#iin and the
In order to describe, in the same situation presented imesults obtained in this paper for the cage 320 (repro-
Sec. Il, the rate of energy change of an electron within aduced also in Fig. Ris plotted in Fig. 4.
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s magnet is long enough to allow the entire bunch to enter
such a regime. In addition to this assumption, E).was
derived, in[4], when the following condition is met:

R d\(s) < g

7 ds (s). (8)
0 0 This basically means that the bunch length is much larger
thanR/y®. For a Gaussian beam with characteristic length

@ ) Eq. (8) can be written as

FIG. 3. Geometry for the present position of a test parflcénd
the retarded position of a source parti€e(a) Sis on the straight

line. (b) Sis in the bend.

Rs 1/3
) 9)

> —
7(02

It was pointed out in Sec. Il that the curves in Fig. 2 Taking s= o this meansy> 30.
saturate, for high values of the Lorentz factor, to a Moreover, always if4], the Gaussian beam is treated as a
y-independent behavior: Fig. 4 shows that they reproducguperposition of bunches with rectangular density distribu-
asymptotically, i.e., for large values of, the behavior pre- tion satisfying the following condition:
dicted by Eq.(7). The reason why the agreement is only
asymptotic lies in the approximations used to derive (#g.

Moreover, it is important to note that, as Fig. 2 and Fig. 4
directly show, an acritical use of the energy-independent EqN
(7) may lead to an overestimation of all CSR longitudinal
effects in the energy-dependent regime. - - 3

In the following, the hypothesis upon which Eg), taken ﬁ n @ :Ll (11)
from [4], was built will be briefly reviewed. By considering 2 24 R™
the transient phenomenam toto, that is, up to saturation to
the steady state regim@hen all the retarded sources are in wherel,, is the bunch length. When E{LO) is satisfied, Eq.
the bend, it has been implicitly assumed that the bending(11) reads

p>1, (10)

here ¢, is defined by the retardation condition

MeV/m

s/o
¥~independent,
MeV/im
f\ 4/\ ____________ v =220
-10 7.5 2.5 5 7.5 10
slo y-independent.

MeV/m

-5
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2
1
/\ ___________ v =320
-10 =1.5 -5 2.5 5 7.5 10
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FIG. 4. Comparison between analytical results from literafditeand our results shown in Fig. 2 for=320. Rate of energy change of
an electron in MeV/m as a function of its position along the Gaussian bshehentering a hard edge magnet. ParametersRare
=15 m,0=50 um, andg=1 nC. The plots ares independent(a) 5 cm after the entrancéb) 14 cm after the entrancéc) 18 cm after
the entrance(d) 25 cm after the entrance.
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2493\ 13 or inside the arc:

( - ) >1 (12)
or de 282'y)\0j[p [ 02) u2/4—1

R |13 d(ct) 4meR Jo 4| 2(1+u?4)3
|2 "
~n2
Taking l,=o, this meansy>10. + Ai 1+?u 4 _ Al ] (15)
From the previous discussion it follows, as a conclusion, u?| (1+u%4)® (1+u?/12)?

that Eq.(8) and Eq.(10) set a lower limitfexpressed explic-
itly by Eqg. (9) and Eq.(13)] to the values ofy above which
Eq. (7) is valid. Note that this limit is in agreement with the

fact that simulation results approach the analytical expectagquations(14) and(15) are valid in the case of an infinitely
tign in [4] hflor high values ofy, as was already discussed |ong electron bunch with constant particle density distribu-
above In this section. ; ; e S .

As one more comment, remember that recent researcﬁlploen %2&:?55' g; I;{gn(gu g)%lz;ne%yi/nRi:izr.]%l.J Mg:]eg\r/zr,
(see[13—15). has .S.h.OWf? that there is reason for CONCeMy\ways in[4], we find the following relations, that hold, re-
about beam instabilities induced by CSR in storage rings as ectively, wherSis in the straight line:
well as in bunch compressors. In fact, CSR has been showrP ’ '
to amplify small sinusoidal perturbations of the bunch distri-
bution during the evolution of the beam in magnetic systems:
in all these cases, one should make sure that the perturbation
wavelength(in combination with the beam energy and the
geometry of the magnetic syste¢matisfies Eq(8) and Eq.

(10) before actually using an energy-independent wake to
describe CSR effects.

An extension of Eq(7) will now be sought that is valid
regardless of whether such conditions are met, with the in-
tent of comparing it with the results in Fig. 2. In order to do
this consider first Fig. 3, and the equations, also derived in A
[4], for the rate of energy change of a test partiElat some
point in the bend due to the interaction with source particles
Swhose retarded positions are in the straight line before the
bend:

~, (16)

or in the bend:

+52 17

where 6—5s')=(s—s')y*/R, and —s') is the curvilinear
de 2e27)\0fw AI((}H)‘/)ZJF »3(3dl4+y) distance between the test particle and a soatcthe same

—= ——= = time
d(ct) 4meR Jo [(p+y)*+ 417 By means of Eqs(14)—(17), the following extension of
Y 2 B4 Eq. (7) can be written down for the total rate of energy
_ (p+y)°+ ¢ (14) change of an electron entering a bending magnet as a func-
[(d+Y)2+(d%12)(pla+y)]?)’ tion of its position along the Gaussian bunch:

d€  2e*y\g deA
d(ct) 4meR | Jo

($+9)2+*(3pla+y) ($+y)2+ b4 l
[(p+Y)2+ %412 [(p+Y)2+($%12)(plA+y)]?

_ 3\ 50 53 AN (o2 ~ N2 214
wo SRIANG I (B2 + 413 +7) +f"’da(1+”_) -1
20 0 4 ]| 2(1+02/4)3
S 1+30%4 1 ) {s—(RIY)(U/2+ U%24)}2 .
02\ (1+0%4)3  (1+02/12)2 20° '
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FIG. 5. Rate of energy change of an electron in MeV/m as a function of its posftioalong the Gaussian bunch entering a hard edge
magnet, as calculated using a generalization of (Bg.Every picture shows results for different valuesyofParameters arB=1.5 m,
=50 um, g=1 nC.(a) 5 cm after the entrancéb) 14 cm after the entrancéc) 18 cm after the entrancéd) 25 cm after the entrance.

Note that the first and second integrals on the right side othe evolution of the maximum in Fig. 2 for the highease
Eq. (18) deal, respectively, with retarded sources in the(or Fig. 4, or Fig. 5. By inspecting Fig. 2 and Fig. 5, for the
straight line and in the bend. The correct contribution by acase of lower values of, one can see that the peak is still
source to the rate of energy change of the test particle ighere and still evolving toward the right-hand side of the
given by the integrands of Eq14) and Eq.(15 weighted  plots, even if much less pronounced.
with the particle density distributiopexpressed by Eq6)], In order to get a quantitative evaluation of the agreement
where the latter is evaluated at the retarded position of thgetween the curves in Fig. 2 and the respective twins in Fig.
source[Eq. (16) and Eq.(17), respectively. 5, points have been sampled from every curve in Fig. 2 and
Next, Eq.(18) is integrated, numerically, for the same iy Fig. 5. Then, for every pair of corresponding sampled
positions of the beam in the magnet and for the same valugsints (referring to corresponding curvesthe differences
of y that are reported in Fig. 2 and in Fig. 4. Results arenormalized to the values given by E@) (shown in Fig. 5
shownin Fig. 5. ) ) have been taken. Next, the root-mean-square value of these
Note that the main features of Fig.(@r Fig. 9 can be  quantities has been considered as a measure of agreement
explained, in the highy case, just by inspecting EQ7). For  petween every pair of twin curves. For every curve agree-
example, the behavior of the maximum in the rate of energynent within 1% has been four(this small difference is as-
Change, present in both simulation reSLﬂftH Y= 320) and cribed to Computationa| inaccuracjes
analytical resultgsee Fig. 4 can be understood by observing  The very good matching between Fig. 2 and Fig. 5 reflects
that one getS the maXimum Value at the right'hand Side Offhe fact that the genera' Sma“_ang'e approximatior‘[Sh
Eg. (7) whens=R¢?%6. In fact, for that value o8, one has  was successfully applied to the particular case of a transient
N(s—R316)/Ng=e" ¢~4)*2=1 while the other terms get between a straight line and a bend: in other words, as ex-
close to zero. WheR=1.5 m and the bunch is 14 cm inside pected, Eq(1) reduces to Eq(18) when that particular tra-
the bend the maximum is, therefore, &t40; when the jectory (straight line followed by a bendis selected. Of
bunch is 18 cm inside the bend the maximum has moved toourse, both reduce to E¢/) as soon as the conditions ex-
position s=8¢, in agreement with the plots. This explains pressed in Eq(8) and Eq.(10) are satisfied, as they must.
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IV. CONCLUSIONS AND SPECULATIONS wake fields in order to model CSR interactions. Further in-
vestigations may address these practical situations in a more

CSR longitudinal transient effects from a straight to aguantitative way.

circular path have often been studied under approximation The results were compared with an extension of the

Eq. (8) and Eq.(10), in which they are energy independent. . )

! ; . v-independent formula ipg] for the rate of energy change of
With the help of the method described ] the case in "o eiorEq. (7)], and very good agreement between the
which these approximations are no longer valid was ad: .

. R . two outcomes was demonstrated. This reflects the fact that
dressed instead. In this situation, the res(dee Fig. 2 show . . .
N the general approach i8] perfectly succeeded in dealing
a strong dependence of the CSR longitudinal force on the . h th oul f . | h ds. E
Lorentz factor(both in the steady state and in the transientW't the particular case of a transient. In other words, Eq.
casé and an asymptotic agreement, for large valuesypf (1), valid for any trajectory(under the constraint of the
ymp 9 ! 9 S0 paraxial approach explained|i@]), reduces to Eq.18) when

with Eq. (7) (see Fig. 4. A conclusion is that, in this energy- . . ;
dependent regime, the use of the energy-independen(7Eq. ;Z?egg&ed trajectorystraight line followed by a bends

leads to an overall overestimation of all CSR longitudinal
effects.

The study proposed in the present paper is of practical
interest for low-energy injector design as well as in the We would like to acknowledge useful discussions with
framework of CSR-related instabilities: in the first case oneEvgeni SaldinlDESY) and Theo SchefTUE). The authors,
considers ultrarelativistic beams whose valueydfin com-  and in particular G.G., wish to express sincere gratitude to
bination with the bunch length and the choice of the trajecRui Li (Jefferson Lapfor her continuous advice during the
tory) may be low enough not to fulfill Eq8) and Eq.(10). development of this study. One of (i¢.G.) greatly appreci-
Similarly, in the second case, when short-wavelength perturates financial support from CR$he Dutch Research School
bations of the bunch distribution do not meet the require-on Plasma and Radiation Studieguring his work on this
ments in Eq.8) and Eq.(10), one should use~dependent article.
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